We propose a stress tensor for the Kerr black hole written in the Boyer-Lindquist coordinate. To achieve this, we use the dictionary of the Flat/CCFT correspondence and take the flat-space limit from the quasi-local stress tensor of the four-dimensional Kerr-AdS black hole. The proposed stress tensor yields the correct values for the mass and angular momentum of the Kerr black hole at spatial infinity. We also calculate some components of the energy momentum tensor of the three dimensional CCFT and show that they are consistent with the holographic calculation of the Kerr black hole. The calculation we present in this paper is another confirmation for the Flat/CCFT proposal.
Introduction
Taking the flat-space limit from the calculations of gravity side in the AdS/CFT correspondence can be used to make some progress in the flat-space holography. The main question is the corresponding operation of the flat-space limit in the boundary theory. There is a proposal in [1] , [2] that connects the flat-space limit of asymptotically AdS spacetimes in the bulk side to the ultra-relativistic contraction of the boundary CFT. This proposal is based on the observation that asymptotic symmetry of asymptotic flat spacetimes at null infinity (which is known as BMS symmetry [3] - [7] ) is isomorphic to an Inonu-Wigner contraction of conformal symmetry.
It is known that the original coordinates in which the asymtotically AdS spacetimes are written are important in taking the flat-space limit. In three dimensions, one can use a BMS coordinate for writing generic asymptotically AdS spacetimes and take the flat-space limit [8] . The final spacetimes are appropriate for studying problems at null infinity. Using these spacetimes, it has been shown in [8] that the BMS 3 symmetry which is the asymptotic symmetry at null infinity of three dimensional spacetimes is given by taking suitable limit from the conformal symmetry.
One may expect the same story in four dimensions and start with a generic solution of asymptotically AdS spacetimes in four dimensions written in the BMS gauge. One would then take the flat space limit and find the generic asymptotically flat spacetimes. As it was reviewed in paper [9] , the angular part of metric in the asymptotically flat spacetimes, expanded in powers of radial coordinate, has some terms which are absent for the asymptotically AdS case (see formula (2.54) and (2.103) of [9] ). Thus, it seems that the BMS gauge is not appropriate in four dimensions when one wants to study asymptotically flat spacetimes by taking flat space limit from the asymptotically AdS spacetimes. However this is not the end of story and it is straightforward to check that the flat-space limit of the Kerr-AdS black hole written in the BoyerLindquist coordinates yields the Kerr solution in the same coordinate. Therefore we expect that holographic calculations for the Kerr-AdS black hole in the context of AdS/CFT correspondence can be well-defined in the flat-space limit when one uses the proposal in [2] .
However, the radial coordinate of the Boyer-Lindquist coordinate at infinity ends on spatial infinity rather than null infinity. On the other hand, it is known that the BMS symmetry is the asymptotic symmetry of the asymptotically flat spacetimes at null infinity. Thus, performing holographic calculations in the Boyer-Lindquist coordinate requires extension of the BMS symmetry to spatial infinity. It was argued in [7] , [10] that by defining a modified bracket, the BMS symmetry makes sense every where in the spacetime. Thus one can conclude that the BMS symmetry is also the asymptotic symmetry at spatial infinity of the asymptotically flat spacetimes.
In fact the same result was established in [2] for spatial infinity by taking the flat limit from the asymptotic killing vectors of AdS spacetimes written in the global coordinate. In this paper we complete the calculation of [2] and propose appropriate boundary conditions at spatial infinity which result in generators of BMS symmetry.
Using this symmetry, we can propose a holographic dual for the asymptotically flat spacetimes at spatial infinity. The correlators of the dual field theory are given by the contraction of a CFT. Thus we call it contracted CFT (CCFT) 1 . The correspondence between asymptotically flat spacetimes and CCFTs can be used to propose a quasi local stress tensor for asymptotically flat spacetimes [11] . This proposal has also been checked for three dimensional Rindler space times [12] , three dimensional hairy black holes [13] and the derivation of ultra-relativistic conformal anomaly in [14] . The proposed stress tensor also generates the correct values for the conserved charges. In this paper, we also use the proposal of [11] to find a stress tensor for the Kerr black hole in four dimensions. The starting point is the standard calculation of AdS/CFT for the quasi local stress tensor of the Kerr-AdS written in the Boyer-Lindquist coordinate. We take the limit from this stress tensor and find a stress tensor that yields correct values of mass and angular momentum of the Kerr black hole .
To find charges, we use the Brown and York's method [15] which requires a timelike hypersurface. The charges are given by integrating over this timelike surface. For the Kerr-AdS this hypersurface is the boundary of the spacetime, but choosing this hypersurface for the Kerr solution is challenging. We use a method that was previously tested in [11] - [14] and relate this hypersurface to the three dimensional spacetime in which the dual contracted conformal field theory lives on. It was proposed in [11] that the geometry of spacetimes, in which contracted CFT lives on, is the same as original CFT but with a contracted time coordinate. For the asymptotically flat spacetimes, this approach defines a conformal infinity that is given by anisotropic scaling of the metric components. This may have some roots in the connection between the BMS symmetry as asymptotic symmetry of asymptotically flat spacetimes and the contraction of conformal symmetry. The analysis of [16] might be helpful for further study of this problem.
The fact that dual theory of four dimensional asymptotically flat gravity is a three dimensional theory with symmetries isomorphic to BMS 4 can be used for a direct calculation of energy momentum tensor components. In the gravity calculation of the stress tensor of the Kerr black hole we just take a limit from the Kerr-AdS stress tensor. However, in the field theory side we can use symmetries and directly calculate energy momentum tensor. The analogue calculation for the two dimensional CCFT or GCFT has been done in paper [17] . We perform a similar analysis and find some components of stress tensor. These components are completely consistent with the holographic result of the Kerr black hole.
Achieving flat-space holography, different proposals were introduced throughout the literature. For instance, some of them suggest establishing a holographic dual at null infinity, the others propose a dual theory at spatial infinity. If one insist on a holographic dual located at null infinity and defines the conformal boundary by using the standard method, the dual theory will be on a surface two dimensions less than gravitational theory. The main problem of this idea is the reconstruction of the evolution of bulk fields along two extra dimensions from the boundary field theory data. This problem has been studied in papers [18] - [20] and some evidence has been provided which supports the conjecture that fields on a specific class of asymptotically Ricci-flat spacetimes can be reconstructed out of conformal field theory data on a codimension two conformal manifold representing the boundary of a null surface in the bulk. However, the idea of defining conformal boundary by using anisotropic scaling can prevent emergence of such problems. Moreover, the BMS symmetry in d+1 dimensions is isomorphic to the symmetry which is given by contraction of conformal symmetry in d dimensions. Thus the idea that dual theory of asymptotically flat spacetimes is on a spacetime with just one dimension less, is more plausible. Another way for avoiding the technical problems of a dual description at null infinity is the proposal of holographic description at spatial infinity [21] - [26] . It is known that the standard holographic renormalization method for this case necessitates some non-local counter-terms for removing divergences. A holographic stress tensor for the Kerr black hole by using this direct method has been proposed in paper [27] . However, an advantage of our method is that all of holographic data are constructed just by taking limit from the AdS/CFT calculations.
In section two we review the results of [2] and introduce the generators of BMS 4 symmetry at the spatial infinity by proposing appropriate boundary conditions. In section three we propose a stress tensor for the Kerr black hole by taking the limit of the Kerr-AdS case and observe that its conserved charges have holographic description in terms of a field theory that is given by contraction of the CFT. In section four we performe a direct calculation of three dimensional CCFT energy momentum tensor and show the consistency between the bulk and boundary calculations.
The last section is devoted to the discussion and future directions.
BMS 4 at Spatial infinity
The BMS group also acts at spatial infinity of the asymptotically flat four dimensional spacetimes.
In order to find the generators of this symmetry we start with the isometries of AdS 4 in the global coordinate
and take ℓ → ∞, which yields the Poincare symmetry. This limit has been taken in the appendix B of [2] . The final generators are
for m, n = −1, 0, 1 and
The generators (2.2) satisfy the following algebra,
This algebra can be given an infinite dimensional lift by defining n, m and l as any integer. We propose the generators (2.2) for any n and m as the generators of BMS 4 symmetry at spatial infinity. We also introduce the appropriate boundary conditions which results in (2.2) as the asymptotic symmetry of four dimensional Minkowski spacetimes. In other words, we want to forget the flat-space limit and find proper boundary functions which results in (2.4).To do so, we start with four dimensional Minkowski spacetime and write it in the following way:
We define asymptotically flat spcatimes at spatial infinity by imposing boundary conditions
The asymptotic Killing vector which preserve (2.6) is given by
where T (x, y), X(x) and Y (y) are arbitrary functions and
The algebra (2.4) for m, n, l = −1, 0, 1 can be generated by contraction of conformal algebra in three dimensions [28] , [1] , [2] . This is a good hint to find the corresponding operation of flat space limit in the boundary side. We propose it as a contraction of three dimensional boundary CFT. To make this proposal more concrete we should contract n-point functions of operators in the boundary CFT. The simplest case is one point function of energy-momemntum tensor which corresponds to the quasi local stress tensor of the bulk geometry. We expect that the flat space limit of the stress tensor in the bulk side corresponds to the contraction of one point function of energy momentum tensor in the boundary theory. However, the flat space limit in the boundary side is not well-defined in all cases and we should use lessons of contraction of the boundary theory.
In the next section we perform such a procedure for the simplest case which is Kerr black hole in the bulk side. We write the metric of the Kerr black hole in the Boyer-Lindquist coordinates which yields spatial infinity at r → ∞. Since BMS 4 symmetry also acts at spatial infinity, the calculation of the next section make sense in the context of Flat/CCFT correspondence.
3 Holographic stress tensor and Flat/CCFT correspondence 3.1 A brief review of three dimensional case
In order to find the stress tensor of the Kerr black hole, we need to use the method which was proposed in [11] . Hence we briefly review the results of [11] and then apply them for four dimensions. We consider three dimensional Einstein gravity without cosmological constant. A set of solutions of this theory can be written as
where
2) θ and χ are arbitrary functions. The infinitesimal coordinate transformations which preserve (3.1) are generated by the following vector fields:
and Y, T are arbitrary functions. At the leading order the generators
form a representation of BMS 3 algebra on an asymptotically flat spacetimes
It is not difficult to check that algebra (3.6) is given by Inonu-Wigner contraction of two copies of the Virasoro algebra if we define
and take ǫ → 0 limit. L n andL n are generators of the Virasoro algebras and ǫ is a dimensionless parameter. The limit ǫ → 0 must be related to the flat-space limit. Thus we write it as ǫ = G ℓ . Equation (3.7) is a hint which clarify how can we write the energy-momentum tensor of CCFT in terms of parent CFT energy-momentum tensor or the stress tensor of asymptotically flat spacetimes by taking limit from the asymptotically AdS counterpart in the gravity side.
The asymptotically flat metrics (3.1) are given by taking flat-space limit from
where M and N are general functions of u, φ coordinates. Equations of motion resulted from Einstein equations with negative cosmological constant are
In the coordinates x + , x − which are defined as
M, N are given by
where Ξ(x + ) andΞ(x − ) are arbitrary functions of their argument. Moreover,
In order to find the stress tensor of the asymptotically flat spacetimes given by (3.1), we can calculate the stress tensor of the asymptotically AdS solutions (3.8) and take limit. According to [29] - [30] , the quasi-local stress tensor is given by
where γ µν = g µν − n µ n ν is the boundary metric and n µ is the outward pointing normal vector to the boundary ∂M . S is given by
where K is extrinsic curvature of the boundary and S ct is added to remove divergent terms at the boundary. For this case we have
The non-zero components of stress tensor at the boundary are
It is clear that taking the flat-space limit from (3.16) is not well-defined. However, we make use of (3.7) and define the components of the stress tensor of three dimensional asymptotically flat metrics,T µν byT
where light-cone coordinates for the asymptotically flat case are given by u G ± φ. Using (3.17) we findT
Comparison of (3.16) and (3.18) is instructive. No doubt that (3.17) has roots in the dual filed theory (see for example [31] ) but (3.16) and (3.18) show that in the gravity side one can scale the components of stress tensor by some appropriate powers of ℓ and then take the flat-space limit.
We will use this idea in the next subsection and propose a stress tensor for the Kerr black hole.
We should note that a deep relation between the scaling of components in the gravity side and a definition similar to (3.17) which is originated from the dual field theory is also expectable for the Kerr black hole. However, since a three dimensional field theory with BM S 4 symmetry has not been studied very carefully, a relation similar to (3.17) is not clear for us in this stage.
A quasi local stress tensor for the Kerr black hole
In this section we want to propose a quasi-local stress tensor for the Kerr black hole. We start with the Kerr-AdS black hole which is given by 19) where
M is the mass of the black hole and a = J/M where J is the angular momentum of the black hole. This black hole is asymptotically AdS with radius ℓ. The line element (3.19) is the solution of the following theory:
We want to calculate the quasi-local stress tensor of the Kerr-AdS (3.19) by using Brown and York's method [15] . According to the dictionary of the AdS/CFT correspondence, the components of this tensor correspond to the expectation values of the energy-momentum tensor of the boundary CFT. The quasi-local stress tensor is given again by (3.13). S is given by
where S ct is
where R (3) is the Ricci scalar of γ µν . Calculation of the quasi-local stress tensor for the Kerr-AdS, T ij , has been done in papers [32] - [34] and the non-zero components (up to 1/r order) are given by 8πT tt = 2M rℓ ,
One can use (3.25) and compute the conserved charges of Kerr-AdS black hole. This method was introduced by Brown and York [15] which defines charge Q ξ associated to symmetry generator ξ as
where Σ is a t-constant surface in ∂M ,σ ab is metric of Σ and v µ is the unit timelike vector normal to Σ. For the Kerr-AdS black hole given by (3.19) , the metric of the boundary ∂M is given by
It is clear that (3.27) does not describe a R × S 2 boundary. In order to change the metric of ∂M to the standard form of the boundary of the global AdS we use of a coordinate transformation
This transformation yields,
T ϕϕ is the same as T φφ and the other components remain unchanged.
Now we want to use (3.25) and (3.29) in order to take the flat-space limit to introduce a quasi local stress tensor for the Kerr black hole. It is clear from (3.25) and (3.29) that for ℓ → ∞ some of the components of the stress tensor are zero and some of them diverge. Therefore at first look, using this approach, while defining flat spacetime stress tensor by taking flat space limit, is not well-defined. However, there is a proposal in [11] that tackles this problem and results in well-defined components for the stress tensor of the asymptotically flat spacetimes. According to [11] if one accepts the correspondence of the flat space limit in the bulk as the contraction of the CFT at the boundary, it is possible to use one point functions of the CCFT energy momentum tensor.There also exists a method to find a correct definition of flat space stress tensor. This method has been established in [11] for three dimensions. The final result was interesting and its extension to higher dimensions is plausible. The lessons of [11] show that in order to find the flat space stress tensor from the AdS counterparts, one must apply proper powers of ℓ to the components of the stress tensor, so that the flat limit is well defined. This factors must be dimensionless, so we construct them in four dimensions by using ℓ/ √ G. Keeping this proposal in mind and using (3.25) and (3.29) we introduce the Kerr black hole stress tensor, τ ij as
We can use (3.30) and calculate conserved charges of Kerr black hole by using (3.26). However, in this case the hypersurface ∂M is not the boundary and it is necessary that we determine this hypersurface and its t-constant surface Σ carefully. We found (3.30) by taking limit and we also expect to find Σ by taking limit from the Kerr-AdS counterpart. The proposal has also been established in [11] for the three dimensioanl asymptotically flat solutions. We plan to use this proposal for the current problem. The key point is if we assume the flat space limit of the bulk theory as a contraction of the boundary theory, the metric of spacetimes, which the boundary theories lives on , are related before and after contraction. They are the same with a difference that one of the coordinates of the spacetime, which contracted theory lives on, is contracted coordinate of the original theory before contraction. To be precise, let us use (3.27) and try to understand the role of ℓ in the definition of the conformal boundary. According to the AdS/CFT correspondence, the conformal boundary is used for finding the spacetime in which the dual CFT lives on . After applying coordinate change (3.28) , the boundary metric (3.27) is written as
where we have used Newton constant G to make the conformal factor dimensionless. If we define a new timet ast
the flat limit, ℓ → ∞ is well-defined and yields 34) are the mass and angular momentum of the Kerr black hole.
A field theoretic approach
Our calculation in the previous section was on the gravity side and we just took limit from the stress tensor of the Kerr-AdS black hole. The stress tensor of the bulk theory corresponds to the energy-momentum tensor of the boundary theory. Thus we have a chance for checking the correctness of the calculation of the previous section by directly calculating the energy momentum tensor of the three dimensional CCFT.
Making the discussion relevant with the former section, let us consider a three dimensional CCFT on a flat manifold with metric
where x and y are defined by (2.3) and r is just a conformal factor. The symmetry algebra of CCFT is isomorphic to the BMS 4 algebra and is given by (2.4). The symmetry generators are
The starting point is definition of the conserved charges in the field theory,
where J µ is the corresponding current of symmetries, T µν is the energy-momentum tensor and ξ µ is the generator of symmetry. Using (4.1) and (4.2) we have
we can simplify the above equation and write
This result determines T tt in CCFT and the corresponding calculation is a pure field theoretic one. Now we want to relate this component of the CCFT energy momentum tensor to the stress tensor of the bulk theory. Thus we should calculate Q Mm,n in the bulk side. In particular, we are interested in the case that the bulk solution is the Kerr black hole. In the gravity side M m,n are the generators of asymptotic symmetry, it is possible to find the corresponding charges of these symmetries by various methods. The most applicable method is covariant formalism developed in [35] . The charges associated to M m,n for the Kerr black hole were calculated using this method in paper [36] 2 ,
If we substitute (4.7) in (4.6) and use (4.5) we will find a result which is in agreement with (3.30).
Moreover, using (4.1), (4.2) and (4.3) we can write
The above equations are again written in the field theory side. We can find the corresponding elements of energy momentum tensor as well as charges in the gravity side. The calculation of charges for the Kerr black hole results in [36] Q Ln = −QL If we substitute T tt , T tx and T ty from (3.30), the right hand side of (4.8) and (4.9) yields exactly (4.10). This is a non-trivial check that our stress tensor for the Kerr black hole (3.30) which is given just by taking flat space limit, is meaningful if one uses the Flat/CCFT correspondence.
Discussion
In this paper, the proposal of [11] has been investigated in four dimensions. The main results of [11] are based on the correspondence between asymptotically flat space times and contracted
CFTs. Thus, in this view we started establishing a holographic picture for four dimensional asymptotically flat spacetimes. The main cavity for the generalizing method of [11] was that defining four dimensional asymptotically flat spacetimes in the BMS gauge is not appropriate when one wants to use the flat-space limit technique. However, the work implemented in this paper argues that using another coordinates system can solve this problem. Demonstrated in the first example, we used the Kerr-AdS black hole written in the Boyer-Lindquist coordinate. Using this coordinate and taking the flat space limit requires the dual boundary theory of Kerr to live on spatial infinity rather than null infinity. This requirement necessitates an asymptotic symmetry group at spatial infinity. We proposed that this symmetry is still BMS symmetry and introduced the boundary condition and the symmetry generators.
The calculations done in this paper represent the first step to accomplish the aforementioned.
The next step will be generalizing this method for arbitrary asymptotically flat spacetimes in four dimensions. The boundary conditions, which these spacetimes must satisfy at spatial infinity, were introduced in this paper. Nevertheless the generic solution to the field equations, which obeys these boundary conditions, must be explored. Using the generic solution one can calculate the charges of the asymptotic killing vectors and see whether they are finite, conserved and integrable.
